In this paper we shall derive some asymptotic formulae for spectra of the third boundary value problem in R n ,n = 2 or 3, linked with variation of a positive function entering the boundary conditions. Further results may be obtained.
Introduction
The underlying problem is to deduce the precise shape of a membrane from the complete knowledge of the eigenvalues /^(CT) for the Laplace operator A n in R n ,n -2 or 3.
Let f2 be a simply connected bounded domain in R n with a smooth boundary dQ in the case n = 2, or a smooth bounding surface 5 in the case n = 3. Consider the third boundary value problem (A n + X)u = 0 in ft, {d/dn + cr)u = 0 on dU (or 5), ( [2]
Formulae for eigenvalues of the Laplacian 221 [1] ) that, in the case n = 2, Hk{a) ~ (47r/|n|)fc asfc -oo, (1.3) while, in the case n = 3, fi k (a) ~ {6n 2 /V)k) 2/3 as k -oo, (1.4) where |fi| and V respectively are the area and the volume of the domain 17. The problem of determining further information about the geometry of n as well as the impedance a from a complete knowledge of the eigenvalues ^jt(<r) has been discussed recently in [6] when n = 2 and in [8] when n = 3, in the case a = constant > 0, through the asymptotic expansions of the spectral function With reference to Section 11 of [6] , (1.6) may be interpreted as: (i) f2 C R 2 is a convex domain and we have the impedance boundary condition of (1.1) with small impedance CT, or (ii) f2 C R 2 is a convex domain with 3a/ir\dfi\ holes and has area |D| and its boundary has length |dfi| together with the Neumann boundary condition, provided 3a/7r|dfi| is an integer. Similarly, with reference to Section 11 of [8] , (1.7) may be interpreted as: (i) fi C R 3 is a convex domain and we have the impedance boundary condition of (1.1) with small impedance <r, or (ii) fi C R 3 is a convex domain, has volume V and its surface S has the mean curvature (H -3a) together with the Neumann boundary condition. In Theorem 1, we generalise the results (1.6) and (1.7) to the case when a is a positive function satisfying the Lipschitz condition, by using the expression In Theorem 2, we show that this generalisation plays an important role in establishing a method to study the asymptotic behaviour of the difference for large values of A, where a{Q), o~i{Q) and 02 (Q), Q e dCl (or Q e S) are three distinct functions satisfying the Lipschitz condition, and the summation is taken over all values of k for which Hk{o~) < A. The method uses an interesting and important Tauberian theorem due to Hardy and Littlewood and developed by Titchmarsh [7] .
Theorems 3 and 4 contain further results which can be considered as a generalisation of the results of Theorem 2.
Statement and proofs of results

THEOREM 1. // the function o{Q) satisfies the Lipschitz condition and if P is a positive constant, then in the case n = 2,
as P -»• 00, (2.1) while, in the case n = 3, as P -» 00. (2.2) Note that the expression (1.8) is just the Laplace tranform of the function t0(t) with respect to t, and P > 0 is the Laplace transform parameter. With this connection we deduce that the formulae (2.1) and (2.2) can be considered as a generalisation of the formulae (1.6) and (1.7) respectively.
Note also that Eastham [2] had a similar expression to (1.8), where the eigenvalue parameter appears in the boundary condition. Formulae (2.3) and (2.4) can be considered as a generalisation of the familiar formulae of Gel'fand and Levitan [3] for the difference of traces of two SturmLiouville operators. PROOF OF THEOREM 1. Let G(M,Mi;«) be the Green's function for the heat equation 
is the "fundamental solution" of the heat equation (2.5), while g{M,M\\t) is the "regular solution" chosen in such a way that G{M, Mi; t) satisfies the third boundary condition of (1.1 
together with the third boundary condition of (1.1). Consequently, if n = 2 we deduce that E. M. E. Zayed [5] where {<f>k(M)} are normalised eigenfunctions, implies On inserting (2.14) into (2.13) and letting s 2 = P, we arrive at the formula (2.1). Similarly, if n = 3 we deduce that
G{M,Mi\-s 2 ) = e x p ( -s | M -M I | ) / ( 4 T T | M -A f i | ) -<j(M,Mi; -s 2 ) . (2.15)
As Mi -> M, the equality (2.11) implies Using methods similar to those used in [8] we can show that
On inserting (2.18) into (2.17) and letting s 2 = P, we arrive at the formula (2.2). Note that the proof of either (2.14) or (2.18) is omitted here since it is very similar to those obtained in [6] or [8] respectively. of use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S0334270000006172 [6] Formulae for eigenvalues of the Laplacian 225 PROOF OF THEOREM 2. First we derive (2.3) as follows: Let us assume that 02(Q) > 0i{Q):(Q € 9f2) and introduce the non-negative and non-decreasing function *(*)= £ moreover we let Using formula (2.1) first for the function 0i(Q), then for the function 02 (Q) and subtracting the second one from the first, we find after some reduction that as P -* 00, which can be rewritten for any a < /x 1(172) in the equivalent form as P -> 00. (2.21) Further, noting that ^i(P) = o{/ a +o°( A + P)~3 d$(A)} when P -• 00, we get Applying a Tauberian theorem of Hardy and Littlewood (see, for example [7] , page 364), we find that where oo{Q) = max{ai(Q),(T2(Q)} and we apply the special case of the theorem which we just proved.
Further results
In this section we establish some results which can be considered as a generalisation of the formulae (2.3) and (2.4). Using Theorem 2, we easily prove the following theorems: 
